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The two principal criteria for convergence correspond to the familiar tests for the convergence of a real continued fraction
(5)                              £| + £2 + X+''*'
in which either (1) all the elements are positive or (2) the partial denominators X^ are positive and the partial numerators p. are negative. The latter class of real continued fractions is known to converge if \t.~ 1 — p.. Pringsheim [29] has shown that when the elements are complex, the condition | X^ | = 1 + | //,. is still sufficient for convergence. If, furthermore, the continued fraction has the customary normal form in which /xn = 1, the condition may be replaced by the less restrictive one [29, p. 320],
V2n-l
The necessary and sufficient condition for the convergence of the first class of real continued fractions can be most easily expressed after it has been reduced to the form
If then 2X^ is divergent, the continued fraction converges, while it diverges if 2V is convergent.* But in the latter case limits exist for the even and the odd convergents when considered separately. This result is included in the following theorem which I gave in the Transactions of 1901 for continued fractions with complex elements [31] : If in
1               1               1
^ + ift, + a2 + i/32 + a3 + i£ + ' * *
the elements a. have all the same sign and the /3{ are alternately positive and negative, f ths continued fraction will converge if S | an + ij3n | is divergent; on the other hand, if 2 an + i/3n \ is
*Seidel, Habilitationsschrift, 1846, and Stern, Journ. fur Math., vol. 37 (1848), p. 269.
fZero values are permissible for either a* or pi.algorithm of the continued fraction but upon extraneous considerations. This is not surprising, for there were at that time no gen-eral criteria for the convergence of continued fractions with complex elements, and even now the number is astonishingly small.
